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Abstract 


We study the implications of the triviality problem for the Higgs 
masses and other relevant parameters in the Next to Minimal Super- 
symmetric Standard Model (NMSSM). By means of triviality, a new way 
to constrain parameters is proposed, and therefore we are able to derive 
triviality bounds on the heaviest-Higgs mass, the lightest-Higgs mass, the 
soft SUSY-breaking parameters, and the vacuum expectation value of the 
Higgs gauge singlet through a thorough examination of the parameter 
space. The triviality upper bound on the lightest-Higgs mass predicted 
by NMSSM is indeed larger than the upper bound predicted by MSSM 
(the Minimal Supersymmetric Standard Model). 
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1 Introduction 


There have been many studies about the upper bound on the Higgs mass 
of the standard model (or its supersymmetric extension) BBB- One of the 
approaches is based on triviality of the theory |^. Due to triviality, the 
standard model is inconsistent as a fundamental theory but is a reasonable 
effective theory with momentum cut-off A. Furthermore, by requiring that A be 
larger than the Higgs mass in order to maintain the consistency of the standard 
model as an effective theory, Dashen and Neuberger were the first to derive 
the triviality upper bound (about 800 GeV) on the Higgs mass in the minimal 
standard model [^]. Improvements on this triviality upper bound have also been 
made, including the non-perturbative calculations, or the contributions of gauge 
couplings and the top Yukawa coupling [^, |^, |^ |^. So far, supersymmetry is the 
only viable framework where the Higgs scalar is natural & [in. Therefore, it 


is important to understand how this triviality upper bound on the Higgs mass 
behaves in the supersymmetric extension of the standard model, especially the 
issue of the lightest-Higgs mass. 

The Minimal Supersymmetric Standard Model (MSSM) is the most studied 
supersymmetric extension of the standard model. Another possible extension 
is the Next to Minimal Supersymmetric Standard Model (NMSSM) with two 
SU(2)xU(l) Higgs doublets and one Higgs singlet BBQ- The inclusion of 
the Higgs gauge singlet in NMSSM provides an explanation to the /i problem of 
MSSM 1^. In addition, the existence of the Higgs singlet is suggested in many 
superstring models |T^, IT^ and grand unified supersymmetric models [O . These 


features make NMSSM an appealing alternative to MSSM. An important issue 
about MSSM is the upper bound on the lightest-Higgs mass |^. Because there 
is no guarantee that there will be the signal of Higgs particles before we reach 
the upper bound predicted by MSSM, it is dehnitely interesting to investigate 
whether the upper bound on the lightest-Higgs mass predicted by NMSSM can 
be larger than that predicted by MSSM or not. A pioneering work [|T^ has been 
done in this respect. 

Similar to the standard model, it is suggested that triviality still persists in 
NMSSM when the Higgs couplings are strong. In short, triviality means that, 
given the low-energy values of the Higgs couplings, the Higgs couplings will 
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eventually blow up at some momentum scale Kl (the Landau pole) if it is scaled 
upward, where is determined essentially by the low-energy values of the Higgs 
couplings. The stronger the low-energy Higgs couplings are, the smaller is. 
This observation certainly implies an upper bound on the Higgs mass. In order 
to establish an upper bound on the lightest-Higgs mass by means of triviality, 
one of the possible approaches is to treat NMSSM as an effective theory with 
momentum cut-off A, and then require that the Higgs couplings remain hnite 
beneath the cut-off A. We will call this approach the Finite Coupling Constant 
Formulation (FCCF). In FCCF, based on triviality associated with the RGB’s, 
the upper bounds on the low-energy Higgs couplings can be easily computed 
once the cut-off A is specihed. Therefore, the corresponding upper bound on the 
lightest-Higgs mass can be obtained directly from these triviality upper bounds 
on the Higgs couplings. The cut-off A has to be specihed by assuming certain 
underlying grand unihcation scheme (A = 10^® ~ 10^^ GeV in most cases.) 
There have been several works done in this approach [^, IR, They 


all arrived at the same conclusion that the upper bound on the lightest-Higgs 
mass of NMSSM is indeed larger than that of MSSM. For example, W.T.A. 
ter Veldhuis reported that the upper bound on the lightest-Higgs mass of 
NMSSM will be 25 GeV larger than that of MSSM if the top-quark mass is 
150 GeV. 


However, according to the spirit of the paper by Dashen and Neuberger [Q, 
the approach of FGGF is not sufficient and the result is model-dependent. The 
formulation of triviality constraints proposed by Dashen and Neuberger is based 
on the requirement that A^ > rnnH {^hh'- the heaviest-Higgs mass) in order 
to ensure the consistency of NMSSM as an effective theory with momentum 
cut-off A < Al. We will call this approach the Effective Theory Gonsistency 
Formulation (ETGF). In ETGF, the requirement of FGGF is always met because 
Ax, is constructed in such a way that Higgs couplings blow up at Ax. In this sense, 
ETGF is stronger and more reasonable than FGGF since ETGF ensures not only 
the requirement of FGGF but also the consistency of NMSSM. ETGF treats Ax 
as a function of Higgs couplings and the constraint Ax > mnn represents a 
constraint on the full parameter space, including the Higgs couplings and the 
soft SUSY-breaking parameters because rnnH depends on the full parameter 
space in general. ETGF does extend the non-trivial implications of triviality 
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to the full parameter space, whereas the implication of FCCF is limited to 
the Higgs couplings. Therefore, ETCF is able to constrain every parameter of 
the full parameter space. These constraints will be computed in Section 4. In 
addition, there is no need to introduce certain GUT scheme in ETCF because 
the cut-off A is determined dynamically by the triviality constraint through a 
thorough search of the parameter space. In this sense, the approach of ETCF is 
more general and model-independent. In conclusion, FCCF is a special case of 
ETCF. ETCF provides a more reasonable basis for us to extend the triviality 
constraint to the full parameter space. Since ETCF and FCCF are different in 
nature, it is worth studying the triviality bounds of NMSSM based on ETCF. 


The purpose of this paper is to describe how to establish triviality bounds 
on the full parameter space based on ETCF. The computation of the NMSSM 
effective potential in this paper includes the tree-level contributions only. There¬ 
fore, all the triviality bounds obtained in Sections 4 and 5 are tree-level results. 
However, it has been pointed out in several works |T7|, ITS Q that the top and 


stop loop contributions are quite substantial when the stop mass is much larger 
than the top-quark mass. Hence, the present computations are not very precise. 
One-loop contributions, including those of the top and stop, must be included 
in future computations in order to make the predictions of the triviality bounds 
more precise. 


In Section 2, the relevant NMSSM lagrangian and renormalization group 
equations are given. Triviality is observed in the case of strong Higgs couplings, 
which implies the Landau-pole behavior of the Higgs couplings. To facilitate 
the computations of triviality bounds, an analytic expression of the Landau 
pole Ai is also derived. In Section 3, the parametrization of the NMSSM Higgs 
mass spectrum over the full parameter space is done. The determination of 
the full parameter space is non-trivial because the minimization of the scalar 
potential leads to several constraints on the parameters. In Section 4, ETCF is 
established and the triviality bound is solved through the full parameter space 
by requiring A^ > mnn, where tan/3 = 1 is chosen for the sake of simplicity. 
Combined with the present experimental lower bound on the Higgs mass, this 
analysis indicates that a very large portion of the parameter space is excluded. 
For example, the VEV of the Higgs gauge singlet can be constrained to: 
0.2AMw < I'L’sl < 0.749Mw, where Mw is the mass of W gauge boson. The soft 
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SUSY-breaking parameters are constrained from above. Furthermore, the above 
constraints will become stronger if the experimental lower bound on the Higgs 
mass is raised, which implies a better understanding of the correct parameter 
ranges. In Section 5, an absolute upper bound of 2.8M\y on the lightest-Higgs 
mass is established by a search through the full parameter space. This absolute 
upper bound is beyond the reach of LEP. 


2 Indication of Triviality in NMSSM 


The supersymmetric Higgs scalar potential of the Next to Minimal Super- 
symmetric Standard Model (NMSSM) at tree level can be written as follows 
00 : 




U = |hYr(<I)ti$i + <I)t2$2) + |h$^$2 + AYT+ 

o 


( 1 ) 


4*1 = and $2 = ( 0 ^ 2 ) 0 ° 2 ) t'W'o SU(2)xU(l) Higgs doublets, and 

Y is a complex singlet, h and A are the Higgs couplings. It is assumed that 
only 05, 05 and N acquire non-trivial VEV’s Vi, V 2 and ^3 respectively. The 
scalar-quarks and scalar-leptons do not acquire VEV’s, and we can ignore their 
contributions to the scalar potential when studying the Higgs mass spectrum. 
Note that the superpotential corresponding to (1) does not contain linear and 
bilinear terms H because these terms lead to naturalness problems. Besides, 
these terms do not appear in a large class of superstring-inspired models. As for 
the soft SUSY-breaking terms, a particular I4o/t is chosen: 


Vsoft = 


( 2 ) 


in order to have predictive power. However, this particular choice of Vsoft does 
not destroy the generality of the conclusions obtained in this paper. The most 
general Vsoft will be considered in the last section. 

We assume three generations of quarks and leptons together with their 
supersymmetric partners. As for the renormalization group equations relevant 
to the Higgs couplings, all the Yukawa couplings are neglected except for the 
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top Yukawa coupling ft. 
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The relevant one-loop RGB’s of NMSSM are given in 


dt 

= 11^1 

(3) 

dt 

= gt 

(4) 

dt 

= -^gl 

(5) 

dt 

= fHeff + f g? - 3g| - ^g|) 

(6) 

odhf 

dt 

= h\Ah^ + 2\^ + ^f^-gl-^gl) 

(7) 

dt 


(8) 


where gi, §2 and are the gauge couplings associated with SU(3), SU(2) and 
U(l) gauge groups respectively. The parameter t is dehned as: 


2 Uf? 


(9) 


w 


where is the space-like effective square of the momentum at which these 
couplings are dehned. At t=0, the gauge couplings can be determined from the 
experimentally derived inputs 


= 0.126, g? = 0.446. g| = 1.257 


( 10 ) 


To understand the triviality problem, strong Higgs couplings are assumed, 
and therefore the top Yukawa coupling ft and all the gauge couplings can be 
ignored. This is not an unreasonable assumption considering the following ob¬ 
servations: The RGB’s (3)-(8) have been studied numerically by Babu and Ma 


2 T| . Their results indicate that gauge couplings are negligible if the ratio ^ > 5 

- 9l 


or ^ > 2 holds, where tan/?=l and the top-quark mass mt=40~400 GeV. (See 

9l 


Big.l in 1^ for a more precise description.) Therefore, it’s certainly reasonable 
to expect that ^ > 5 or ^ > 2 holds in the case of strong Higgs couplings. 

9i 9i 

Bor the sake of self-consistency, the assumption of negligible gauge couplings in 
the case of strong Higgs couplings will be verihed a posteriori by the numerical 
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results of Sections 4 and 5. The assumption of negligible Yukawa coupling ft 
is a little obscure. There has been some numerical evidence in the standard 
model that the determination of triviality bounds on the Higgs mass is in¬ 
sensitive to the top-quark mass rrit if rrit < 200 GeV, and it may still be true in 
NMSSM. The assumption of negligible ft will be checked by the computations 
of Sections 4 and 5, and it turns out that ft is important only in certain extreme 
situations. A detailed discussion will be given in Section 4. 

In the case of strong Higgs couplings with negligible ft and gt, the one-loop 
RGE’s for the Higgs couplings h and A are: 


dt 

= h‘^{Ah‘^+ 2X‘^) 

(11) 

dt 

= 6A2(A2 + /i2) 

(12) 


There is only one hxed point, the infrared stable hxed point at h^=0, A^=0. 
Therefore, similar to the Landau pole P, |T^ of the pure theory, h?{t) and A^(t) 
diverge at some hnite t=tL (the Landau pole) unless the Higgs couplings vanish. 
Triviality is clearly indicated at one-loop. Notice that the above conclusion is 
still valid even if the top Yukawa coupling ft is included. The general solution of 
the Landau pole can be found by means of the method of integrating factor 


11 — 

27r^xJ\/l + CxJ 

27rHn{\/l + CxJ + \/cxJ ) 

(13) 

C 

Gi 

C = 

ht^Xo-^+2 hi Xf^ 


(14) 

ho = 

h{t = 0), Ao = A(t 

= 0), Al = Mw ■ exp{tL) 

(15) 


where Al is the momentum corresponding to the Landau pole t^. (13)-(15) will 
be useful to the computations of triviality bounds in Section 4. 

Notice that the treatment of triviality here is of perturbative nature. Al¬ 
though the problem of triviality should be of non-perturbative nature, several 
non-perturbative numerical simulations have been performed P^ , and the re¬ 
sults indicated that the renormalized perturbative calculation gives essentially 
the correct triviality upper bound on the Higgs mass. This observation may 
justify our approach as a hrst approximation. 
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3 Parameter Space and Higgs Mass Spectrum 


Consider the tree-level scalar potential V'=V+Vsoft-, and the relevant pa¬ 
rameters are h, A, Vi, V 2 , V 3 , ml, m\, m^ 2 - Without loss of generality, our 
convention is to take h, A, ml, ml to be real, and Vi, V 2 , V 3 , m ^2 be complex, 
i.e., Vi = hi 6**^^ ^2 = m ^2 = rn.^ 2 ^*'^’"- The minimization 

of the scalar potential V leads to three complex vacuum constraints on these 
parameters: 


h^{\vi\^+ \v 2 \^)vz + 2 \{hvlv 2 +Xvl)vl = 0 (16) 

\{9l +9l){\vi\^-\v 2 \^) + h^{\v 2 \^+ \vz?)+ml = ^^{ml^ - h\v*l) {17) 

\{9l +9l){\v2?-\vi?) + h^{\vif+ = —{m%-h\vl){l^) 

4 V 2 

In addition, one has the following physical constraint: 

Ml- = ( 19 ) 

Imaginary parts of the constraints (16)-(18) £x the phases among the complex 
parameters vi, V 2 , V 3 , ml 2 , and (19) reduces (hi, h 2 ) to a single parameter 
tan/? = 1^. Furthermore, {h. A, hs) can be expressed in terms of other parame¬ 
ters by means of the real parts of the constraints (16)-(18). The parameter space 
under study is then defined as the set of parameters {(f), tan/?, ml, ml, £ 1 ^ 2 )) 
where 

0 < ^ < 4:71, —00 < tan/?, ml, ml, m ^2 < (20) 

The other parameters can be expressed in terms of (20): 


V 3 

A 

B 

Vl 


Mw 2 AB iaiil3 — B'^{1+ iaxi^ fS) 
92 \ ^2(1tan^/?) 


ml2{icm P 



m-^ -|- m 2 M^r{l -|- 


tan^ P — 1 
92 tan^ P + l 



Mw a/2 Mw a/ 2 tan/? ^ 

- , , V2 = - e^, V3 = V3e^ ( 22 ) 

92 JtaiPp + 1 92 JtaiPp + l 
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(23) 


ml^ 

h? 

A 


m 


2 
12 


2 tnn rrj2 I ^w(-\ i S?\tan2/3-l 

,12 tanr^i + —(^i + 


m 


z;| + tan/?^(-A^ ± 
•J ^ §2 ' tan^ /3+1 


tan^ /3 
(tan^ /3+1 


_ gj A? 

mST 


, Mf, 


tan jS 


92 vl 


± 


tan^ (3 + 1 ^ (tan^ (3 + 1) 


tan^ (3 


9l vl 

Mh 


( 24 ) 


(25) 


ns, h, and A are real. 


(26) 


"+" in (24) and (25) indicates {h, A) has two solutions, where the solution with 
"+" is denoted as {Ha, Xa) and the solution with is denoted as {hs, Xb)- 


(20)-(26) specify the full parameter space. (26) is non-trivial because square 
roots are involved in (21), (24) and (25). Together with (25), the reality condi¬ 
tion of A leads to: 


hs < 


g2{tan‘^P + l) ’ 


(27) 


tan ^^^+1 maximum=| at tan/? = ±1. Therefore, we are able to establish 

an absolute upper bound on hs: 


V3 < 


1 

2 92 


M\y 


(28) 


Given Mw = 80 GeV and = 0.446 from (10), this absolute upper bound 
on the magnitude of is 60 GeV. As (27) implies |tan/3| —1. 

Therefore, in NMSSM, tan (3 can be constrained by means of lual, and vice versa. 

For the sake of simplicity, we choose tan/? = 1 when studying (20)-(26). 
When tan/3 = 1, hs becomes a free parameter, and rnl = m\ is required by 
the minimization of the scalar potential V'\ (17) and (18). On the whole, the 
number of free parameters is unchanged. The full parameter space (tan /3 = 1) is 
then dehned as the set of parameters (0, ha, m\ = ni\ 2 ) plus the following 

constraints: 

0 < 0 < 47r, 0 < hs < -—Mw (29) 

^92 

— oo < ml = ml < 771^2 < (30) 


There is no essential change to the expressions of the other parameters except 



for h and A: 


A 


~ 9 9 

mi2 — '^1 


vi + 


I 


± 


gj As 




glvr 2 


± 


\ 


glvl 

M^w 


(31) 


(32) 


(29)-(32) specify the full parameter space and will be studied later. Notice that 
(31) and (32) imply: 

h?, A^ oc (m ^2 ~ ^i) (33) 

and m\ = < m ^2 (30) is the consequence of the reality condition of h. 

Based on the parameter space described in (20) or (29), it is trivial to 
work out the Higgs squared-mass spectrum from the tree-level potential V. In 
general, {0°, 02 ) does not mix with {0|, 02 }• The squared-mass matrix 
[M^] for {05, 05, N} is a 6x6 matrix, and the squared-mass matrix [M^] for 
{01) 02} is a 4x4 matrix. As expected, [M^] contains hve neutral Higgs bosons 
and one massless particle. [M^] contains two charged Higgs bosons and two 
massless particles. The detailed expressions of [M^] and [il0?] have been given 
in and won’t be repeated here. However, there are several symmetries of 
[M2] and [M2]: 


[m 2] and [m 2] are periodic in 0, of periodicity tt. 


(34) 


In addition, [M^] and [M^] are invariant under two discrete symmetries on the 
parameter space: 


h —> —h, A —>• A, tan/? —> — tan/3, ml 2 ~'^i 2 (35) 

h —>• —/i, A —>• —A (36) 

As for the Higgs squared-mass spectrum, we are interested in these two quan¬ 
tities: niHH (the heaviest-Higgs mass) and vtilh (the lightest-Higgs mass). In 
Sections 4 and 5, the triviality bounds Bhh (the upper bound on mnn) and 
Bih (the upper bound on ttilh) will be derived. In general, m^H and itilh 
have to be computed from [M2] numerically, and there are no simple analytic 
expressions. However, the understanding of the dependence of the lightest-Higgs 
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mass rriLH on the Higgs coupling h will be very useful in establishing the triv¬ 
iality bounds. Using the fact that the smallest eigenvalue is smaller than the 
smallest diagonal term and choosing an appropriate basis for [M^], Binetruy 
and Savoy have derived an upper bound on itilh (tan/3 = 1): 

= -^v > rriLH, V ^ 250 GeV (37) 

Notice that (37) is the result of tree-level computations. This upper bound 
is denoted as in order to be distinguished from Blh (the triviality up¬ 

per bound on niLn)- Therefore, the dependence of niiH on h can be under¬ 
stood as: rriiH < cx h, where B^^ is proportional to the Higgs coupling 

h. Combined with the present experimental lower bound on the Higgs mass, 
rriLH ^ B^u = -^v implies that h must be bounded from below. Notice that 
is introduced for illustrative purpose only. In practice, the precise de¬ 
termination of this lower bound on h is made by solving ttilh from [M„] and 
requiring ttilh >the experimental lower bound. By means of triviality, it will 
be argued in Section 4 that h decreases with the soft SUSY-breaking parameter 
mi, which enables us to establish an upper bound on the soft SUSY-breaking 
parameter mi based on the lower bound on h. Details will be given in Section 4. 

4 Constraints on the Higgs Mass and 
the Soft SUSY-Breaking Parameters 

Based on the parameter space (0, vs, ml = ml, 777 ,^ 2 ) specihed by (29)-(32), 
Al > mHH {nT'HH- the heaviest-Higgs mass) is required by ETCF, and Bhh 
(the triviality upper bound on the heaviest-Higgs mass mnn) is established by 
Ai = muH = Bhh, where Al is dehned in (13)-(15) and mnn is computed from 
[M^] numerically. Geometrically, the triviality upper bound Bhh dehnes a sur¬ 
face in the parameter space by means of = ttihh, and our convention is to 
parametrize this triviality surface in terms of (^, v^, ml = m^), where m ^2 de¬ 
pends on {(j), V 3 , ml = ml) through A^ = mnn- At any point {(j), 7 ) 3 , ml = ml) 
of this triviality surface, the seven non-zero eigenvalues of [M„] and [Me] dehne 
the seven triviality upper bounds on the seven physical Higgs masses respec¬ 
tively. For example, the triviality upper bound on m^n {f^LH- the lightest-Higgs 
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mass) is defined as the miH evaluated on the triviality surface. Therefore, care 
should be taken in distinguishing tulh from the triviality upper bound onniLH- 
Next, we will study the general features of the triviality surface. 

A typical example is chosen as: (h, A) = (/i^, A^i), (j) = 0, vs = 0.7 Mw- Its 
triviality surface is computed, and Bhh versus ml (= m^) is plotted in Fig.l. 
Fig.l corresponds to a line on the triviality surface. Several universal features 
of Fig.l are important. First, when is small, the soft SUSY-breaking terms 
are not important and therefore the determination of Bhh is insensitive to 
mf. Second, the curve in Fig.l ends at ml ~ because the squared- 

mass matrix [M^] or [M^] will develop negative eigenvalues if mf becomes too 
negative. Together with (30), this observation indicates that mf, m^, fh \2 are 
bounded from below. Since nothing interesting happens when m\ < 0, we will 
assume 0 < mi = m 2 < mi 2 from now on. 

The last but most important universal feature of Fig.l is: When m\ is 
large, the linear relation Bhh = V^mi is a good approximation. This obser¬ 
vation can be understood as follows. (13) implies that, on the triviality sur¬ 
face, h? and A^ —0 if Bhh (= A^) — 00 . The structure of [M^] also implies 
Bhh —^ cx) if mi = m 2 —cxo. The above two observations lead to: 

On the triviality surface, h?' and A^ ^ 0 if mi = m 2 —cxd (38) 

Therefore, in the limit mi = m 2 —cxd on the triviality surface, [M^] and [M^] 
can be solved up to order 0 {h?) exactly: 

Eigenvalues of [M^] = [2m\ + 0{h?‘), 2m\ + 0{h?‘), O(h^), O(h^), 0(/i^), 0] 
Eigenvalues of [M^] = [2mi-|-O(h^), 2m\ + 0{h?), 0, 0] (39) 

The square roots of the seven non-zero eigenvalues in (39) are just the seven triv¬ 
iality upper bounds on the seven Higgs masses respectively, including the trivial¬ 
ity upper bound on min- (39) together with (38) explains why Bhh = V^mi 
is valid up to order 0{h?) when m\ is large. (39) also implies that there are ex¬ 
actly three light neutral Higgs bosons when m\ is large. As for the lightest-Higgs 
mass m^H, (39) indicates that the triviality upper bound on min is of order 
0 (/i), which is consistent with the upper bound Bj^h^: m^n ^ B^h^ = -^v 
in (37). Due to (38), the triviality upper bound on min decreases to zero 
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monotonically as mi = m 2 —> 00 . According to the present experimental lower 
bound on the Higgs mass we require that the triviality upper bound 

on miiH be larger than 1 and this requirement leads to an upper bound 
on mi (= m 2 ) due to the fact that the triviality upper bound on m^n decreases 
to zero as mi = m 2 00 . An explicit realization of this idea is given in Fig.2, 
where (h, A) = A^), (j) = 0.6, and (hs, mi) is examined thoroughly. The 

enclosed region of Fig.2 is the allowed range of versus mi. An interesting 
quantity Bgoft can be dehned in such a way that the allowed range of U 3 shrinks 
to a single point at mi = Bgo/t and there is no solution for mi > Bgoft- In Fig.2, 
Bsoft = 138 Mpy. The meaning of Bgoft is clear: For given 0, Bgoft is the 
absolute upper bound on mi for 0 < U 3 < That is, Bsoft is the upper 

bound on mi when 1)3 = and the upper bound on mi is smaller than 

Bsoft when In fact, Bsoft can be interpreted as the absolute upper 

bound (with 0 hxed) on all the soft SUSY-breaking parameters (mi, m 2 , mi 2 ) 
because m^ ~ m ^2 Is true on the triviality surface when mf is large. The fact 
that mf ~ m ^2 on the triviality surface when mf is large can be explained by 
the observations that oc (m ^2 ~ and that is negligible when mf is 
large. 


The dependence of Bsoft on (j) is displayed in Fig. 3, where (h^, A^) and 
(hs, Xb) have identical results. In Fig.3, it is also required that the triviality 
upper bound on miH be larger than 1 Mw- Fig.3 and Fig.2 form the complete 
picture of the triviality upper bound on the soft SUSY-breaking parameters. 
For example, Bsoft = 2380 Myy at 0 = 0, and Bsoft = 84.6 Mpy at 0 = 
Furthermore, all the conclusions about Bsoft can be re-interpreted as the 
absolute triviality upper bound on the heaviest-Higgs mass (with (f> hxed) by 
means of Bhh — V^Bgoft- Therefore, Fig.3 also provides the complete picture 
of the absolute triviality upper bound on the heaviest-Higgs mass mnn- The 
computations of Fig.3 are very sensitive to the experimental lower bound on the 
Higgs mass. Fig.3 is obtained by requiring that the triviality upper bound on 
mLH be larger than 1 Mw, and Bsoft = 2380 Mw is obtained when 0 = 0. 
However, Bg oft — 4.88 Mw at 0 = 0 will be obtained if we require that the 
triviality upper bound on miu be larger than 2 Mw- 

Inspired by Fig.2, we can dehne the absolute triviality lower bound 
on V 3 for given 0. For example. Bn = 0.7 Mw in Fig.2. Bn gives a modest 


12 






measure of the constraint on v^. Fig.4 displays the dependence of Bjsi on (j) 
for {Ha, Xa) and (hs, As). Besides, it is required that the triviality upper 
bound on uilh be larger than 1 M^. The dotted straight line corresponds 
to the absolute upper bound of 0.749 Mw on v^, (28). For ^ = 0 (i.e., no 
CP-violation in the scalar sector), we have 0.24 Mw < ha < 0.749 Mw- For 
0 = |, 0.65 M]y < hs < 0.749 Miy. Therefore, triviality is very helpful for a 
better understanding of v^. In addition, if the experimental lower bound on the 
Higgs mass is raised in the future, all the bounds involved in Fig.3 and Fig.4 
will become stronger, which implies a better understanding of the heaviest-Higgs 
mass, the VEV of the Higgs singlet, and the soft SUSY-breaking parameters. 
However, NMSSM is not consistent with an unlimited raise of the experimental 
lower bound on the Higgs mass. In Section 5, we will derive an absolute upper 
bound of 2.8 Mw on the lightest-Higgs mass. 


Finally, let’s check the assumptions of negligible ft and gt. With the help 
of 1]^, all the computations involved in Figures 1-4 do satisfy the assumption 
of negligible gt. To check the assumption of negligible ft, take the mass of top 
quark rut = 170 GeV. Generally speaking, this assumption is reasonable when 
mf is small, but it needs modihcations when ml is large because and are 
small according to (38). As for Fig.4, the computation of Bj^ indicates that ft 
is negligible. However, the computation of Bgoft in Fig.3 indicates that ft is 
as important as and A^. To understand the effect of ff on Bgoft, refer to 
(6)-(8). Because all the coefficients of /^^-terms in (6)-(8) are positive (assuming 
negligible gf), the inclusion of ft makes triviality even stronger. That is, the 
Landau pole t^ will be smaller if ft is included. Qualitatively, it implies that 
Bsoft should be smaller (i.e., a stronger upper bound) if ft is included. In general, 
all the triviality bounds will become stronger if ft is included. In other words, 
the results of Fig.3 should be regarded as a weak absolute upper bound on the 
soft SUSY-breaking parameters and the heaviest-Higgs mass. 


5 Absolute Upper Bound on the Lightest-Higgs Mass 

With the inclusion of the Higgs singlet in NMSSM, the tree-level upper 
bound on the lightest-Higgs mass of MSSM is no longer valid. Therefore, it is 
of considerable importance to study the triviality upper bound on the lightest- 
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Higgs mass in order to devise effective search strategies for the detection of 
Higgs particles. For given 0, we can dehne a new quantity Blh, the absolute 
triviality upper bound B^h on the lightest-Higgs mass, as the largest triviality 
upper bound on the lightest-Higgs mass with respect to all the possible values of 
mi (= m 2 ) and 7 ) 3 . However, (39) implies that a search in the small-mf regime 
is enough, and the dependence of B^h on cj) is displayed in Fig.5, where line A 
and line B correspond to (h^, A^) and {hs, Xb) respectively. It is verihed that 
Fig.5 satishes the assumptions of negligible ft and gt. 

When 0 = 0 (i.e., no CP-violation in the scalar sector), the absolute upper 
bound Blh = 2.8 Mw for line B. When 0 = |, Blh = 1-75 Mw for line B. 
Therefore, the absolute triviality upper bound on the lightest-Higgs mass does 
lie outside the range of LEP. 


6 Conclusion 


With a complete study of the triviality surface, we are able to derive the 
triviality bounds on the heaviest-Higgs mass, the soft SUSY-breaking parame¬ 
ters, the VEV of the Higgs singlet in Section 4, and the absolute upper bound 
on the lightest-Higgs mass in Section 5. Essentially, all the triviality bounds 
are derived based on the observations (38) and (39), where the triviality upper 
bound on the lightest-Higgs mass decreases to zero as mi = m 2 —> 00 . 


The particular choice of the soft SUSY-breaking potential Vsoft in (2) can 
be viewed as an unsatisfactory feature of the present formulation. However, the 
triviality bounds derived in Sections 4 and 5 persist even if a more general Vsoft 
is considered. We begin the argument of the above statement with the most 


general Vsoft 


Vsoft = ml^\^i -F m2<h^2<h2 - mi2<h^4)2 - 

+mlN*N + mlN^ + m*lN*^ 

+hmii{Ai^\^2N + A*i^l^iN*) 

+ \xm3{A2N^ + A*2N*^) (40) 

o 
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Now, the relevant parameter space consists of: 

(h, A, ni, V 2 , V3, ml, ml, m 3 , ml, ml, ml^, Ai, A 2 ) (41) 

plus three complex vacuum constraints on the parameters derived from the min¬ 
imization oi V = V + Vsoft and (19). Choosing tan/? = 1, we have ml = ml 
from the minimization of V' again. In the limit of large (= Bhh), the Landau 
pole (13) always implies: 

0 if Al (= Bhh) 00 (42) 

In the large-mHH limit (e.g., in the large-mi limit) on the triviality surface, (42) 
implies that [M^] and [M^] can be solved up to order 0 {h) exactly: 

Eigenvalues of [M^] = [2m^ -|- 0{h), 2ml + 0{h), m(+) -|- 0{h), m(-) + 0{h), 0{h), 0] 

Eigenvalues of [M^] = [2m^ -|- 0{h), 2ml + 0{h), 0, 0] 

m(±) = ml + 4 :X‘^\v 3 f ±2\ml +Xm 3 V 3 A 2 + (43) 

With the most general Vsoft (40), there is, in general, exactly one Higgs boson 
staying light in the large-mnn limit. According to (42) and (43), the triviality 
upper bound on miH is of order 0 {h^), and decreases to zero as mnn 00 . 

This observation implies that the analyses of Sections 4 and 5 still apply to the 
most general V' = V + Vsoft- That is, the triviality bounds on the heaviest- 
Higgs mass, the lightest-Higgs mass, the VEV of the Higgs singlet, and the soft 
SUSY-breaking parameters will not be lost even if the largest parameter space 
of NMSSM is considered. 

Finally, two aspects of the present computations can be improved. First, 
the computation of the effective potential in this paper is performed only at tree 
level. Because the contributions of the top and stop loops are important, it is 
necessary for future works to include one-loop contributions. Second, tan /? = 1 
is chosen in this paper for the sake of simplicity. However, this particular choice 
has no physical motivation. Therefore, choices different from tan /? = 1 should 
be considered and the discussion of the tan/^-dependence may be a point of 
interest in future works. 
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FIGURE CAPTIONS 


Fig.l; A plot of the triviality upper bound Bhh (Afw) on the heaviest- 
Higgs mass versus m\ (M^) for 0 = 0, ha = 0.7 Mw, and (h, A) = {Ha, Aa), 
where the unit Mw = 80 GeV. 


Fig.2: A plot of the allowed range (the enclosed region) of hs {Mw) versus 
mi {Mw) for 0 = 0.6, (h, A) = (/ia, Aa), where the unit Mw = 80 GeV. The 
allowed range of hs shrinks to a point at mi=138 GeV= Bgoft- 


Fig.3: The plot of the absolute triviality upper bound Bgoft {Mw) versus (f) 
(the unit Mw = 80 GeV), where the two solutions (/iA, Aa) and (h^, \b) have 
identical results. Bgoft is periodic in (p with period tt. 


Fig.4: The plot of B^ {Mw), the absolute triviality lower bound on ha, ver¬ 
sus (p (the unit Mw = 80 GeV), where the dashed line corresponds to (/iA, Aa) 
and the solid line corresponds to {hs, \b)- Bjq is periodic in (p with period tt. 
The dotted line corresponds to the absolute upper bound of on ha- 


Fig.5: The plot of B^h {Mw), the absolute triviality upper bound on the 
lightest-Higgs mass versus (p (the unit Mw = 80 GeV), where the dashed line 
corresponds to {Ha, Aa) and the solid line corresponds to (/is, Ab). Blh is 
periodic in (p with period vr. 
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